LIFTING FIXED POINTS 
OF COMPLETELY POSITIVE SEMIGROUPS 



BEBE PRUNARU 



Abstract. Let {ips}s£S be a commutative semigroup of completely positive, 
contractive, and weak*-continuous linear maps acting on a von Neumann al- 
gebra A'^. Assume there exists a semigroup {os}sgs of weak*-continuous *- 
endomorphisms of some larger von Neumann algebra M 3 N and a projection 
p £ M with N = pMp such that as{l — p) < 1 — p for every s S S and 
<j>s{y) = pcts{y)p for all y N. If inf^gg Os(l — p) =0 then we show that 
the map E : M ^ N defined by E{x) = pxp for x a M induces a complete 
isometry between the fixed point spaces of {asjsgs ^-i^d {^ajaeS- 



Let {S, +, 0) be a commutative semigroup with unit 0. Consider the partial pre- 
order on S induced by the semigroup structure as follows. If s,i G S* then s <til 
and only if there exists r ^ S such that s + r = t. If X is a Hausdorff topological 
space and / : S* — > X is a function, , then lim^gs /(s) denotes its limit along the 
directed set {S, <), whenever this limit exists. 

Let M be a von Neumann algebra. Let CP{M) denote the semigroup of all 
completely positive, contractive and weak*-continuous linear maps /S : M M. 
Let also End{M) be the semigroup of all weak*-continuous *-endomorphisms of 
M. A family {/3s}seS C CP{M) is called a semigroup if the map s i— ?► /J^ is a unital 
homomorphism of semigroups from S into CP{M). 

Suppose now that {a^jsgs C End(M) is a semigroup. Let p be an orthogonal 
projection in M such that 

as{l ~ p) < I — p Vs G S. 

Then one can define, for every s G S*, a completely positive mapping on the von 
Neumann algebra N — pMp as follows: 

4>s{x) = pas{x)p Vx G N. 

It is clear that {4>s}s^s C CP{N). A short calculation shows that 

(f>s{pxp) = pas{x)p \fx G M, 

and using this, one can show that {(j)s}ses is a semigroup. According to the termi- 
nology used in Chapter 8 of [1 , where this construction is given for one-parameter 
semigroups, {a^jseS is a dilation of {(/)s}ses a-nd p is a co-invariant projection for 

We shall prove the following result, which shows that, under a suitable minimality 
condition, the fixed point spaces of {a^lsGS and {(j)s}si£S are completely isometric. 
We point out that the minimality condition is always satisfied by the minimal E- 
dilation of a CP-semigroup as constructed in J^. 
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Theorem 1. Let M C B[H) be a von Neumann algebra on some Hilbert space H . 
Let (5, +, 0) be a commutative semigroup with unit and let {as}ses C End{M) be a 
semigroup of weak*-continuous *-endomorphisms of M . Let p G M be a projection 
such that 

as{l — p) < I — p VsgS* 

and 

inf at(l — p) = 0. 

Let {(f)s}ses C CP{N) be the compression of {oig^ses to N — pMp defined by 
<ps {x) — pas {x)p Va; e N. 

Let 

M°' = {xeM : atix) ^ x,\ft e S} 

and 

N''' = {xeN : (j)t{x) = x,yt e S} 

and let C*{N't') be the C* -subalgebra of N generated by N'*' . Let E : M ^ M be 
defined by 

E{x) — pxp Vx G M. 
Then the following hold true: 

(1) For each y G C*{N'^) there exists the limit (in the strong operator topology) 

TT{y) ^ so - Vmvas{y) 

and the map y Tr{y) is a *-homomorphism from C*{N'^) onto M" such 
that (tt o E){x) = X for all x e M". 

(2) E induces a complete isometry between Af" and N"^ . 

(3) For each y G C*{N'^) there exists the limit 

$(2/) = so - \im (l)s{y) 

and the map y i-^ ^{y) is completely positive, idempotent, i?an($) — N"^ , 
and E oil = ^ on C*{N'^). 

Proof. First,we show that E{M°') = TV^. It is clear that E{M°') c iV^. Let be 
an invariant mean on S. This means that is a state on the von Neumann algebra 
i°°{S) of all complex- valued bounded functions on S that remains invariant under 
translations. It is well known [5] that any commutative semigroup is amenable, in 
the sense that it admits invariant means. 

Let y G N'^. For each 7 in the predual of M, let G £^{S) be defined by 

/^(s) = (as(y),7) seS. 

Then there exists z G A/ such that 

(z,7) = /i(/7) V7GM,. 

Since as are weak * continuous and {a^lsgs is a semigroup, it follows that z G A/". 
Moreover pzp = y and this shows that E{M°') = N'^. 

In order to go further, we need to use the minimality assumption on {a^Jses. 
Suppose now that w G Af Since inffgg at{l — p) — we see that 

so — \iiTi as{pwp) ~ w. 
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Since i;(Af") = 7V"^ it follows that the limit 

7r(y) ^ so - lim as{y) 

s^S 

exists for every y g N"^ and that tt o E = id on . In particular E is completely 
isometric on M". All the other assertions are straightforward consequences of what 
we have already proved. 

□ 

This result and its proof provide, in particular, an alternate and simplified ap- 
proach to the lifting theorem for fixed points of completely positive maps from ^ . 
In the case when S is either a commutative, countable and cancellative semigroup 
or 5* = M."^ for some d > 1, and {a^lsgs £^re unit preserving, part 2 of Theorem [1] 
follows directly from Proposition 4.4 together with Theorem 4.5 from [4j. In the 
case when {(j)s}si£S is the semigroup induced by the unilateral shift on the Hardy 
space , the existence of the limit in part 3 of Theorem [1] is proved in 2. . 

We close with the following result which shows that part 3 of the previous the- 
orem holds true even without assuming the existence of a dilation. 

Theorem 2. Let N C B{H) be a von Neumann algebra on some Hilbert space H . 
Let (S*, -|-,0) be a commutative semigroup with unit. Let {0s}sgs be a semigroup of 
completely positive, contractive and weak*-continuous linear maps on N . Let 

N'^ ^{xeN : Mx) = a;,V< G S} 

and let C*(N'^) be the C* -subalgebra of N generated by N'^. Then for each y G 
C*{N'^) there exists the strong- operator limit 

$(?/) = so - lim 0s (y) 
and the map y $(y) is completely positive, contractive, idempotent, and moreover 

Proof. Let fj, be an invariant mean on S. Let y € N. For each 7 in the predual iV* 
of N, let G £°°iS) be defined by 

fj{s) ^ {(psiy),!) 3 e S. 
Then there exists z ^ N such that 

(z,7) = m(/7) V7GiV,. 

Since {(f)s}ses £^re weak* continuous and {(f)s}ses is a semigroup, it follows that 
z G N'^. Let us denote z — p{y). The mapping p : N N is completely positive, 
contractive, idempotent, and Ran{p) = N'^. Moreover 

0s o p = p o 0s = p. 

Let $ : C*{N't') -> iV* be the restriction of p to C*(7V'^). A well known result from 
[3] shows that 

$($(a;)y) = Vx, y G C*(iV'*). 

This easily implies that A:er(<i>) is the closed left ideal in C*{N'^) generated by all 
the operators of the form xy — ^{xy) with x,y € N'^. Moreover by polarization we 
see that fcer$ is the closed ideal of C*{N'^) generated by all the operators of the 
form x*x — <i>{x*x) with X G N'l'. 
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Let X e iV^. Since {<l)s}s€S are completely positive, they satisfy the Kadison- 
Schwarz inequality,therefore 

cps{x*x) — x*x > 

for all s £ 5 hence the net {(ps{x*x)}seS is monotone increasing. It follows from 
the way $ is constructed that 

^{x*x) ^ so — lirn <j)s{x*x). 

Let y = ^{x*x) - x*x. It follows that 

so — lim (ps{y) = 0. 

s^S 

Let a e C*iN'f') and let heH. Then 

\\May'^^)hf < {<j^s{y''^aay^'^)h,h) < \\af{My)h, h). 
This shows that limggs = for every z G kcr$ therefore 

$(«;) = so — lim (ps{w) 

for every w G C*{N'^). This completes the proof. 

□ 

References 

[1] W. Arveson, Noncommutative dynamics and E-semigroups, Springer Monographs in 

Mathematics, Springer- Verlag, New York, 2003. 
[2] J. Barria and P. R. Halmos, Asymptotic Toeplitz operators. Trans. Amer. Math. Soc. 

273 (1982), 621-630. 

[3] M.D. Choi, E.G. EfTros, Injectivity and operator spaces, J. Functional Analysis , 24 

(1977), no. 2, 156-209. 
[4] D. Courtney, Asymptotic lifts of UCP semigroups, Ph.D. Dissertation, University of 

California, Berkeley, 2007. 
[5] J. Dixmier, Les moyennes invariantes dans les semi-groupes et leurs applications, 

Acta Sci. Math. (Szeged) 12 (1950), 585-590. 
[6] B. Prunaru, Lifting fixed points of completely positive mappings, J. Math. Anal. Appl. 

350 (2009), 333-339. 



Institute of Mathematics "Simion Stoilow" of the Romanian Academy, P.O. Box 1-764 
RO-01'1700 Bucharest Romania 

E-mail address: bebe.pruiiaruSgmail.com 



